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PREFACE 

Among  researchers  Involved  In  the  daaign  and  development  of 
defenses  sgainot  balllatlo  mlaallaa  thara  la  considerable  interest  In 
tha  potential  of  phased-arrsy  radar a.  Of  particular  lntaraat  ara 
those  data  procaaalng  mathoda  which  may  ba  applied  In  tha  analyalu  or 
design  of  phaaad-array  radars  to  arrlvs  tit  optimal  performance 
characteristics  (a,g,,  target  handling  capacity,  accuracy,  power, 
ate,),  minimal  coat,  or  both. 

This  MeauranduB  deala  with  tha  statistical  analysis  of  one  suoh 
performance  aharactarlstio,  namely,  angle  tracking  accuracy.  It 
Illustrates  a  method  of  relating  such  accuracy  both  to  receiver 
noise  and  to  component  errors.  This  Is  sn  advance  over  previous 
studies  which  have  treated  only  one  or  the  other  source  of  error. 

The  work  reported  here  was  conducted  in  connection  with  HAND'S 
studies  of  low-altitude  defense  which  are  sponsored  by  the  Advanced 
Research  Projects  Agenoy's  "Defender"  program, 
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flUMMAHY 

This  Memorandum  diacuuaoa  the  angular  accuracy  of  phautid  array 
radara,  with  aauumptlonB  appropriate  to  the  problem  of  hard-point 
ball  let lc  mlaalle  dofenae,  An  aquation  la  derived  relating  angular 
accuracy  to  the  aignal-to-nolae  ratio  in  Individual  nhannolu  of  the 
array  and  to  random  component  erroru  In  the  Individual  channolu, 
Thla  equation  la  applicable  to  arrayu  with  non-unl form Ly  a pa.  ml 
elenenta,  which  arc  often  comtidered  for  uao  In  hard  point,  dufonue 
ayatema.  Hmoathlng  of  radar  d.  >.a  to  obtain  eotliuateu  of  angle  and 
angular  rata  for  interceptor  guidance!  lu  alao  dlucuuued. 


AcwfowuDOMmn 


Thank*  ara  dua  to  Meaara,  P.  Banaon,  W,  Doyl*,  W.  KandaLl  and 
J,  Mallatt  of  Vh»  RAND  Corporation,  for  tholr  raviav  at.d  oritlnlam 
of  tha  raanuaerlpt.  W.  Kandall  alao  olightly  amplified  thn  original 
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I.  rWIRODUCTION 

Meveral  papsrs  have  bean  published  which  discuss  the  angular 

tracking  accuracy  of  phased  array  radars.  Two  recent  publications 

considered  the  effect  of  random  component  errors,  both  amplitude 

f  1  °  ) 

and  phase,  on  tracking  accuracy,  A  third  paper  deals  exclusively 

( 5) 

with  errors  due  to  receiver  noise.  '  In  the  present  Memorandum,  an 
equation  Tor  angular  tracking  error  is  derived  which  includes  the 
effects  of  both  component  errors  and  receiver  noise.  Hie  analysis 
Is  similar  to  those  of  Kefs.  1-3  and  shows  that,  when  angular  error 
is  small,  the  mean  squared  angular  errors  due  to  receiver  noise  and 
component  errors  are  additive. 

The  following  discussion  is  slanted  toward  the  problem  of  hard 
point  defense.  Mince  the  detection  ranges  required  In  this  case 
are  relatively  small,  generally  less  than  lcxi  miles,  the  powar-aperture 
products  required  for  detection  are  quite  low.  on  the  other  hand,  the 
angular  accuracy  requlrementa  are  quite  severe  if  either  oonmand 
guldanoe  or  predicted  fire  Is  used  during  Interception,  Hie  combina¬ 
tion  of  low  powar-aperture  product  and  good  angular  accuracy  suggests 
the  use  of  partially  filled  receiving  arrays  for  economical  design, 
particularly  at  low  radar  frequencies,  The  equation  for  angular 
accuracy  which  Is  derived  here  Is  applicable  to  arraye  with  any 
arbitrary  distribution  of  receiving  elements.  Previous  analyses 
have  considered  only  receiving  arrays  with  uniform  slessint  s pacings. 

The  following  analysis  is  sli^Ufied  at  far  as  possible  without 
sacrificing  any  of  the  essential  features  of  the  problem.  A  large 
signal- to- notes  ratio  is  assumed  in  the  sum  channel  (not  in  Individual 


'-'"•'i'’  I*'  'ii'  In  t.h»?  fliffofoimo  *?!  jiinuoX )  oo  that  the  jihuuo  in  the  uum 
> •  i idim»* I  In  nn  n>mirate  meamiro  of  ulgnul  phase  at  the  center  of  tha 
urrny,  Tn  t.h1a  I’fton  It  con  he  shown  that  amplitude  errors  In  the 
Individual  channels  do  not  contribute  to  angular  error.  Aleo, 
because  of  the  large  slgnal-to-noise  ratio  it  will  be  assumed  that 
the  target  is  hel  ng  accurately  tracked  and  is  near  tlio  monopuloe 
crossover  angle,  wit J c>t  further  simplifies  the  analyelo.  The 
Resumption  of  large  n/N  appear#  Justified  einoe  acourate  tracking 
Is  moot  important  during  the  guidance  phase  when  tha  target  ie  at 
abort  range. 

For  simplicity,  only  phase  comparison  monopula e  will  be  considered. 
Tn  this  case  the  monopuloe  differentia  (signal  io  obtained  by  combining 
the  signals  from  the  individual  channels  of  the  array  coherently. 

Tt  haa  been  ahown  that,  by  properly  weighting  the  individual  signals, 
this  technique  provides  aoouraoy  as  good  as  in  theoretically  possible. 

\l.  Mallett,  private  communication. 


Best  Available  Copy 
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II.  niNaLE-FUI/IE  ANflUIAl'.  ACCUHACY 


Th*  coordinate*  in  which  anglsa  arc  raaaaurad  with  a  planar 
receiving  array  are  illustrated  in  Pig.  1.  The  x  and  y  axaa  lie 
In  tha  plana  of  tha  array.  Inoremantal  phaaa  ahift  between  alamanto 
In  tha  x-dlreetlon  la  a  maaaura  of  tha  angla  batvaan  tha  llna-of- 
alght  and  tha  x-axls,  l.a.,  I.  Dlmllarly,  incremental  phaaa  ahift 
In  tha  y-dlractloti  la  a  maaaura  of  the  angla  f. 

Wa  will  conaldar  maaauramant  of  one  of  thaae  anglais,  aay  I,  It 

9 

la  aaaumad  that  a  targat  haa  baan  datactad  and  la  being  tracked  bo 

that  lta  approximate  coordinatea  (a',  t ')  are  known.  A  uum  beam  la 

formed  by  adding  tha  outputa  from  all  of  tha  elementa  in  the  array 

coherently,  after  Inoremantal  phaaa  ahifta  appropriate  to  the 

approximate  target  anglea  (•',  f')  ara  Introduced  In  the  individual 

channela,  Alao,  a  diffaranoa  algnal  la  formed  which  1b  a  maaaura 

of  tha  error  In  tha  estimated  value  of  a.  Let  there  be  an  even 

number  of  element*  In  tha  array,  with  tha  elements  on  ana  aida  of 

th*  array  numbered  from  J.  to  lf/2.  Lat  (xn)  represent  the  x-coordl nates 

of  thas*  element*  and  assume  for  simplicity  that  th«  array  la  symmetric 

about  th*  y-axla  In  tha  aanae  that  x  ■  -  x  . 

n  -n 

Tha  amplitude  and  phase  of  tha  voltage  (or  eurrant)  In  the  nth 
ohannal  can  ba  raprsaantad  by  a  vector  quantity: 


•a  *  •„) 


»K 

7n 


(1) 


i/harei 


nt  with  o  planar  array 
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U  -  “  COS  I 

•  ■  signal  amplitude 

** 

•  ■  fractional  amplitude  arror  in 
n  the  nth  channel 

X  •*  radar  wavelength 

0  -  reference  phase  at  the  center 

of  the  array 

&n  ■  phase  error  in  the  nth  channel 

7^  ■  noise  component  in  the  nth  ohannel 


Bach  quadrature  component  of  the  receiver  noise,  y^  ,  is  normally 
distributed  with  a  mean  of  sero  and  mean  squared  value  ^  , 

Hie  sum  signal  la  formed  by  using  an  even  weighting  function, 

*(x)i 


f! 


■(Kn) 


(«> 


Wherei  u'  •  cos  • ' 

•(-*)■  »(*) 


Hie  Maximum  n/N  ratio  in  the  sum  channel  is  obtained  when  s(x)  a  1, 

but  som  taper  nay  be  introduced  to  reduoe  sldelobea,  Since  the  array 

contains  an  even  number  of  elements,  let  eA  •  0. 

o 

Equation  (2)  can  be  rewritten  in  the  formi 


b 

»/.' 

'*  ’  i'*(x  )  a(l  *  t  f  ifi  ►  i.vx  )  f  >  1  o1^ 

n  L  n  n  tv  'n| 

-N/.' 

whore;  v  **  vi  *  u 7 
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n 


~i(u'x  +  0) 

7  '  ,,  n 
ti 


(3) 


'I'lw  utntlatlrnl  proport ioa  of  the  phaaa-ahlfted  noiae  voltagoo 
are  the  name  a*t  thouo  of  y^  .  Doth  the  pheae  error  6n  and  the  target 
angle  off  horonight  (—  vxn)  have  been  aaaumed  email  in  the  above 
axpaneion,  Where  the  fl/W  ratio  ia  large  and  the  effeote  of  component 
errora  are  email  tn  the  eum  eignal,  Rq.  (3)  booomea! 

N/8 

n  «  2ae4^  £  a(xn)  (4) 

n-l 

'flio  avun  oignal  ia  uaed  only  la  a  reference  for  extracting  angular 
error  information  from  the  difference  aignal,  When  a  target  In  being 
continuouely  tr  eked  and  ie  near  the  monopulae  oroaoover,  tlie  algr.nl 
ia  much  larger  in  the  eum  channel  than  in  the  difference  channel, 

Ilwtioe,  the  effeate  of  component  errore  end  receiver  no! on  on  the  «um 
eignal  are  umall  in  oomparlaon  with  their  contribution  to  the 
difference  eignal. 

The  difference  eignal  la  formed  uaing  an  odd  weighting  function, 

d(x)i 

%i  -iu'x 

D.V4(xn).  (1) 

-N/2 


Best  Available  Copy 


Hui iif'  Uie  name  notation  anil  amiumptions  no  above: 


M/a 

"  '  ^  ).  J(xn>  [*(1  *  'n5  +  ’’rtJ 
-N/H 


(6) 
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i 2 


»h°r.t  rn  -  r,„  -  lr„ai  7nl  «nd  7^  »r.  ml, 

Only  the  second  term,  Dg,  contains  Information  about  the  target 

angle  off  borosight,  Thle  component  of  the  difference  signal  can  be 

extracted  by  using  the  reference  phase  of  the  sum  signal,  which  also 

Indicates  the  sense  of  the  angular  error,  Hlnce,  to  a  first-order 

approximation,  errors  in  the  reference  phase  can  l>  neglected, 

amplitude  errors  («  )  which  appear  only  In  the  I).  term  enn  nl>m 

n  'i* 

neglected,  The  term  of  Interest  is  them 

N/S 

Da  ■  I  •>(*„)  L‘(VX»  ‘  V  +r"2 1  1 

-N/a 


The  rme  error  In  measurement  of  v  Is 


Best  Available  Copy 
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a 


v 


m.7 

L 

LSv  J 

v  -  0 

(a) 


Tim  slope  of  the  difference  signal  I),,  at  borou1t5ht  js: 


Also; 


NA- 


1 


x  d(x  ) 
n  n 


HA 

♦  a')  V  ) 

7  '  •  n 


(y> 


(1U) 


where;  rj‘  «  mean  squared  phase  error  In  each  clmimol, 

ri 

Combining  Kqs.  (fl-lo)  gives: 


(U) 


This  expression  Is  minimised  when  d(x)  Is  proportional  to  x,  In  which 


rase; 


(12) 


9 


The  corresponding  mean  squared  error  In  nmaaureaent  of  the  angle  ft 
« 

lit  then: 


-M/8 


where:  »(i  -  *lgnal-to-»ol»e  power  ratio  In  each  Individual  channel, 
Kquatlon  (1  M  nhowe  the  dependence  of  ■ingle-pulue  rme  angular 
error  ( a ,)  on  the  spacing  of  element*  In  the  array  f },  the  rme 
value  of  component  phaee  error  (o^),  end  eignal-to-nolee  ratio  in 
the  Individual  channel*  (x^) . 


When  the  component  error  term  1*  email  In  coiqparlr.on  to  the 
receiver  nol*#  term  «  jj~)  and  uniformly  *paeed  element*  are 


aneumed,  Kq,  (13)  1*  the  sane  a*  the  result*  of  R*f.  3  (Rq.  (DO). 

For  o‘  •*£>1/8  x  ,  Kq,  IS  be  Ian 
o  u 

for  a  uniformly  spaced  array, 


For  o*  >o»  \/'i  x^,  Kq,  IS  below  give*  the  result  derived  In  Ref,  £ 
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ni, _ DTfici  inn  ion  ok  AnniM^Mr 

A  more  Intultlv"  dlucuouton  of  the  traoklng  problem  may  yield 
b  ti>  r  tmslght  Into  thiu  nnnLyalu  and  aervc  to  Juutlfy  eomc  of  the 
nooumptlona,  For  thiu  purpoae,  conaidcr  an  array  containing  looo 
•'Iniwnta.  Again,  nauume  monojiuLue  technique#  arc  uucd  to  nwaaurt 
the  angle  g,  and  that  the  e Lementu  are  uymmetrloal ly  placed  with 
r«'gp«ct  to  the  y-axie, 

After  a  target  in  detected,  two  beamu  aru  formed  In  the  approxi¬ 
mate  direction  of  the  target,  a  gum  beam  and  a  difference  beam, 

Conaidcr  flrut  the  Ideal  cage  of  no  component  erroru  and  no  receiver 

* 

nol ge ,  When  the  beamg  are  pointod  directly  at  the  target  the  gum 
output  hau  Its  maximum  value,  and  the  difference  output  lu  aero, 

Auuume  the  algnal  component  In  each  channel  lu  1  volt,  uo  the  amplitude 
of  the  aura  output  (fl)  la  lfXXJ  volte ,  If  the  target  iu  now  moved  off 
borealght  by  a  fraction  of  the  beamwldth,  fl  decr«uueg  allglitly  In 
amplitude  but  doe#  not  change  In  phaae.  The  difference  algnal  (U) 
la  in  quadrature  with  fl  and  lu  roughly  proportional  to  the  angle  off 
borealght.  The  ratio  of  I)  to  M  In  thin  Ideal  cane  provides  an  exact 
meaaure  of  angle  ofr  bureulght, 

Next  ,  auuuii’c  that  component  errora  and/or  receiver  nolee  are 
pregent  and  Jointly  contribute  an  "mu  error  of  l  volt  In  each  channel. 
In  addition  to  lta  average  value  of  loot)  voltu  at  th«  correct  reference 
phage,  n  then  containa  an  error  component  with  an  naa  value  of  *^cxh7" 
or  W  volte,  The  aura  algnal  (fl)  la  uaed  only  to  obtain  a  reference 
phaae  and  amplitude  for  extracting  angular  Information  from  the 
difference  algnal  (P),  A  email  percentage  error  in  the  amplitude  of 
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yields  the  oume  percentage  error  In  the  estimate  of  Angle  off 

boreslght.  For  example,  If  the  amplitude  of  B  were  in  error  by 

per  cent  and  the  target  l/i!o  bsamwldth  off  borealght,  an  error  of 

0.1  par  cent  of  the  be— width  would  reeult.  For  a  continuously 

« 

tracking  radar  with  the  target  near  bnreaight  thie  ia  a  eecond-ordar 
effect. 

The  contribution  of  channel,  amplitude  errora  to  D  la  ln-phaae 
with  fl,  while  only  the  component  of  D  ln-quadruture  with  a  containa 
Information  on  target  angular  position.  Hence,  if  the  phaee  of  B 
la  accurate,  the  ln-phaue  component  of  D  le  dlaoarded  and  amplitude 
errora  do  not  degrade  tracking  accuracy.  When  there  ia  an  eiror  in 
the  phaae  ol  fi,  a  portion  of  the  P  term  containing  amplitude  errora 
In  Kq.  (6))  la  retained  and  contrlbutee  to  angular  error.  Again, 
tlila  la  a  aecond-order  affect. 

Tt  la  fortunate  that  angular  accuracy  la  not  critically  depandent 
on  amplitude  tolerancea  In  the  Individual  channels  when  the  angular 
errora  due  to  receiver  uoUe  mil  Citm  «*i  phase  errora  are  ■— 11,  At 

noted  In  Ref.  8,  the  element  patterns  may  differ  oonelderatoly  In 

the  different  channela  of  a  phased  array,  If  the  Individual  ohannel 
galna  art  adjusted  for  aqual  signal  amplitude a  at  one  loan  angle,  there 

would  toe  amplitude  errora  at  other  scan  angle a  due  to  dlffereaoea  In 

the  ela— nt  patterna.  Tt  — y  toe  difficult,  therefor*,  to  — lataln 
tight  amplitude  tolerancea  In  the  Individual  eha—Mla. 

Bef.  1  oonaldara  In  detail  the  case  ef  targets  off  borealght. 


IV.  aMOOTKIM)  OP  IIA  DAi<  DATA 


The  preceding  analysis  has  considered  only  the  oiitgle-pulae 
aoeuracy  of  an  angular  measurement.  Uuidance  comraanda  for  an 
lnteroeptor  mlaalla  art  gonerally  baaad  on  tha  Information  obtained 
during  a  train  of  radar  pulsea,  rathar  than  on  slngle-pulae  data 
alona.  Prom  tha  radar  data  obtalnad  during  a  praoading  lntarval  of 
time,  both  tha  angular  poaltlon  of  tha  targat  and  lta  angular  rata 
ara  computed  and  uaad  In  tha  guidance  computation.  It  nay  alao  ba 
daalrabla  to  uaa  hlghar-ordar  darlvatlvaa  of  angular  poaltlon,  a.g. , 
angular  aoaalaratlon,  In  computing  or darn  for  oonaand  guidance  or 
launoh  angle a  for  unguldad  nlaallaa, 

Tha  following  discussion  of  smoothing  appllaa  only  to  random 
errors  which  are  independent  from  pulae-to-pulae,  Boraalght  mia- 
allgnnant  and  ayatamatlo  errors  which  ara  fixed  or  slowly  varying 
cannot  ba  removed  by  anoothlng.  It  has  bean  noted,  however,  that 
fixed  error*  which  are  Independent  of  saan  angle  will  oanoel  In  the 

l'j) 

measurement  of  relative  poaltlon,'  '  Hence,  they  are  not  Important 
when  ooonand  guidance  la  employed,  provided  tha  targat  and  lnteroeptor 
ara  traoked  by  tha  same  radar.  Random  phase  errors  In  tha  channels 
would  generally  be  slowly  varying  or  fixed  (e.g,,  errors  In  element 
placement  are  a  possible  souroe  of  phase  errors  and  would  be  fixed 
err ora),  and  hanoa  could  not  be  reduced  by  smoothing.  Again,  these 
errors  may  canes 1  during  the  terminal  phase  of  command  guldanoe, 
Angular  srrora  due  to  receiver  noise  will  not  oaaoel,  however,  even 
when  the  target  and  lnteroeptor  are  at  the  same  angle.  This  may  be 
the  most  important  type  of  radar  error  In  ooassand  guidance  systems  and 
oan  ba  reduced  by  smoothing. 
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E8TIMATI  OF  A 

First  consider  a  target  at  a  fixed  angular  position.  Let 

E 

denote  the  estimate  of  angle  obtained  by  averaging  the  measurements 
on  several  pulses.  In  this  case: 


(14) 


wherei  <j  *  rms  error  In  |_ 

"R  k 

0^  ■  ras  error  in  single -pulse  measurement 

H  »  number  of  pulses  averaged 

Variations  in  range,  and  hone*  in  n/N  and  o4,  (luring  the  smoothing  Interval 
are  neglected  tiers  and  In  the  following  discussion.  This  oase  ( (Cq.  (14)) 
is  of  little  Interest  since,  in  general,  the  target  would  have  a  finite 

s 

angular  rate,  |  <j,  Unless  very  short  smoothing  times  were  used,  the 

» 

angular  rate  would  yield  n  significant  Mae  error  in  lg. 

jonrr  estimate  or  t  awd  g 

In  general,  both  •  and  A  are  unknown  and  a  better  estimate  of 
angle  aan  be  obtained  by  fitting  a  linear  curve  to  the  deta.  Cone 1 da r 
tha  oase  where  A  is  constant  ovsr  ths  smoothing  Interval  T,  and  a  set 
of  M  equally  spaced  measurements  of  •  art  available.  Kero  M  «/lfrT, 
where  tf  Is  ths  radar  pulse  repetition  frequency.  Let  (An)  represent 
the  set  of  measured  angles  corresponding  to  ths  set  of  times  (t  -  nd) 

"  T  ""  " ' ' 

Actually,  the  data  could  be  compensated  for  a  known  value  of 
i  S  0,  so  that  even  then  the  os  given  In  Iq.  (14)  could  be  realised. 

■l 

However,  this  Is  a  somewhat  artificial  situation. 


vhara  t  la  tha  tint  of  tha  laat  obaarvetion  (n  ■  o),  A  la  tha  tlma 

intarvol  batwaan  naaauramanta ,  and  f  A  -  1.  Lat  §„  rapraaant  tha 

r  h 

aatimatad  vmlua  of  |  at  tha  and  of  tha  amoothing  lntarval  and 
tha  aatlnatad  angular  rata.  Tha  arrora  in  tha  §n  naaauramanta  ara 
normally  dlatrlbutad  with  a  naan  of  aaro  and  an  rma  valua  of  . 

Maximum  likallhood  aatlmataa  of  angla  and  angular  rata  aura 
obtalnad  by  mini ml ling  tha  maan  a quart  dlffaranoa  batwaan  tha  data 
and  a  llnaar  eurva,  l.a.,  mlnimliing  tha  quantity: 

M-l 

E  ■  I  >*„  ■  «,  ♦ 

n-0 

For  almpllclty,  wa  may  aaauma  that  M  »  1.  Than,  equating 

AW  •  " 

and  *r-  to  aero  and  aolving  for  and  |_  glvaa: 

X  A  It  r\ 


In  tha  llnaar  oaaa,  thaaa  aquation*  ara  uaad  to  obtain  aatlmtaa  at 
tar gat  angla  and  angular  rata,  #f  and  «K,  froa  tha  aat  of  aaaaurad 
anglaa  (§n).  Tha  aitlaatas,  |(  and  4f,  ara  randoa  varlablaa.  On#  la 
lntaraatad  in  datarmlnlng  how  aoourataly  thaaa  aatiaataa  a or ra a pond 
to  tha  tnta  valua  a  of  angla  (a)  and  angular  rata  (|). 
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Kotin#  that  i  *  a  -  nA#,  and  avarafinf  Kqe.  (16)  and  (17),  it 
can  bo  aeon  that  these  estimates  are  unbiased,  l.a.,  ■  C,  and 

a  *  k.  To  obtain  the  rnm  urn  r  in  Kq.  (l6)  can  ba  rewritten  In 
tha  form: 


Notin#  that 


(18) 


<V  *„)  <•» 


V 


m  /{  n 


(19) 


the  mean  u<iuari.»il  orror  In  tlio  estimate  of  angle,  o  , 


!•: 


2 

°«  * 

from  a  similar  calculation! 

W 

°4  - 

9r. 

For  simplioity  It  has  baan  assunad  in  this  da ri vat ion  that  M  »  1. 

Note  that  tha  ok  of  Kq.  (30)  !•  twioe  that  of  Kq.  (1M),  Whan 
K 

angular  rata  is  unknown,  tha  target  angle  at  the  end  of  the  aaoothing 
Interval  (*,)  oannot  be  estimated  as  accurately  as  when  angular  rate 
ie  known.  However,  Kqa.  (16)  and  (17)  yield  a  Joint  efficient  eetiaate 
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of  (*,  i).^  When  both  quantities  are  unknown,  no  nsthod  of 
estimation  will  yield  better  accuracy  than  le  lndloated  In  Kqs.  (20) 
and  (21).  Theee  results  can  be  related  to  the  parameters  of  an 
array  by  combining  Kq.  (15)  with  Kqs.  (20)  and  (21). 

Again,  If  long  smoothing  times  are  used  with  th«  linear  approxi¬ 
mation,  errors  will  rssult  from  unknown  uocoud  and  higher -order 
derivatives  of  I. 

JOIWT  BOTPOTK  OF  I, A,  and  j 

In  this  case  one  wishes  to  find  the  beat  fit  between  the  set  of 
measured  angles  (*n)  and  a  curve  of  the  form  (|p  -  4KnA 
Here  *  and  n  are  estimates  of  the  angle  and  angular  rate,  respectively, 

n  Pi 

at  the  end  of  the  measurement  Interval.  It  Is  assumed  that  angular 
acceleration  Is  constant  during  the  smoothing  Interval,  the  measurements 
art  uniformly  spaced,  and  the  errors  In  the  *n  are  again  normally 
distributed.  The  maximum  likelihood  estimate  of  (|,i,)i)  le  obtained 
by  nlnlalalng  K: 

M-l 

c .  i 

n«C) 

(equating  the  partial  derivation!  of  Rq.  (22)  with  reepeot  to 
ft, ,  an"  9_  to  sero  and  solving  the  reeultlug  three  linear  equation* 

r.  i  K 


gives : 
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M-l 


*K 


>  \ 

n  > 


k 


K 


(;">) 


A 

This  net  of  equation;* 
acceleration,  and  of  'tnr.Le  and  angular  rate  * t  the  end  of  the  smoothing 
Interval,  from  the  measurement*  (A^),  Again,  It  can  be  nhovn,  from 
K(j«,  (:''>)  and  1  •  (a  •  |nA  -  that  these  wfitimaten  are 

unbiased, 

fro*  Kqa.  (19)  and  («-’5)»  the  mean  squared  error*  In  tli*«*>  estimator 

are  (for  large  M): 

, 

“  *TT 

iW 

CJ*  «  "’W  ^  (*‘b) 

*K  T^M 


M“ L  /  M 

Y  .  f  60  _  ;<6ui»  t  #0n_ 

Y  'V'^  &  <??  - 


•nn  be  used  to  obtain  estimates  of  angular 


T  M 


IB 


Kquatlon  (15)  can  ba  naad  to  ralate  tliono  arroru  to  radar  oyutam 
parametara. 

It  ii  also  intarabtlng  to  iioto  the  corrolatlon  batwaon  |  ,4^, 
and  ii  .  Tho  covarlancao  of  theua  eotlinatou  two  dofined  by 

n 


°|*  "  <%;  ‘  {*K  '  •) 


C 


nr 


(12*0 


C*ii  *  {*K  "  (*K  " 


riubutltution  of  llqa,  (25)  and  (l'i)  into  thio  yioliJu  (again  for  largo 

M)  i 


Now  tha  oorraLatlon  ooaff Iolanta  ara  aaan  to  ba 
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-  .066 


p 


M 


pw 


^  -  .960 
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A  correlation  coefficient  with  unit  magnitude  indicates  that  two 
satlmetaa  art  "completely  correlated,"  i.a.,  that  the  estimate  of  on* 
paramater  la  unlquaty  determined  by  tha  estimate  of  tit"  other.  Our 
estimates  of  «,&,  and  I  at  tha  and  of  tha  obaarvatlon  parlod  ara 
highly  correlated,  ninoe  tha  oorralatlon  eosfflolanta  ara  positive, 
thla  moans  that  If  tha  arrora  In  tha  naaaurauanta  of  P  obtalnad  fraa 
tha  Individual  pulses  ara  auoh  tliat  *sc aada  tha  true  valua  of  A, 
than  with  high  probability  and  Ar  will  axoaad  tha  tma  values  of 
h  and  a,  raapaotl valy. 

for  a  glvan  anoothlng  tlna ,  tha  arrora  In  A  and  k  ara  graatar  in 
tha  parabolic  caaa  (F!q,  (24))  than  In  tha  ilnaar  oaaa  (Eqa.  (80)  and 
(81)).  Kowtvar,  with  higher-order  curve  fitting,  longer  smoothing 
tinea  can  bo  uaad  and  should  yield  a  net  Improvement  in  accuracy. 
Again,  tha  naxlnun  anoothlng  time  which  nan  bo  uaad  advantageously 
la  limited  by  tha  higher-order  derivatives  of  angle,  in  this  oaaa  tha 
third  and  higher  derivatives. 


If  dealred.  cubic  or  higher-order  polynomial!  could  be  fitted  to 
the  maaaurad  data.  Another  poaalblllty  la  flttlnc  ourvea  of  forma 
other  than  polynomial  to  the  data,  e.g. ,  the  paraaetera  to  be 
eatlmated  might  lnolude  balllatlo  coefficient  in  addition  to  poaltlnn 
and  velocity.  The  improvementa  In  acouraoy  which  can  be  obtained  by 
inoreaalng  the  order  of  curve  fitting,  and  alao  the  maximum  uaeful 
amoothlng  time  for  any  given  approximation,  oan  be  eatlmated  from  the 
geometry  of  the  problem, 
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v.  coMcmnioNB 

The  error  In  •  eingle-ruLue  angle  measurement  with  «•  phased  array 
radar,  due  to  receiver  noise  and  random  phase  errors  In  tha  individual 
ahannels,  Is  given  by  l!q.  (1))  above.  fhio  aquation  la  applicable  to 
arraya  with  non-uniform  element  apaolnga,  whloh  are  often  considered 
for  uae  In  hard  point  balllatio  missile  defense  ayatema. 

Measured  data  from  a  train  of  radar  pulaea  are  used  to  obtain 
estimates  of  angle  and  angular  rate  for  interoeptor  guidance.  The 
acauracy  of  these  estimates  ran  be  improved  by  using  more  complex 
smoothing  procedures  and  longer  smoothing  tinea.  This  is  another 
possible  area  for  design  trade-offs j  increases  in  accuracy  oan  be 
obtained  either  by  increasing  the  complexity  of  data  processing  or 
by  Increasing  transmitted  power  (or  product).  A  similar 

situation  arises  in  search,  where  increased  detection  range  can  be 
obtained  either  by  increased  computer  complexity  (sequential  detection) 
or  by  luoreaeing  the  power -aperture  product, 
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